Introduction
In this paper, we consider two panel data models with unobserved heterogeneous time-varying effects; one with individual effects treated as random functions of time, and the other with common factors whose number is unknown and whose effects are firm-specific. This paper has two distinctive features and can be considered as a generalization of traditional panel data models. First, the individual effects that are assumed to be heterogeneous across units, as well as to be time varying, are treated non-parametrically, following the spirit of the models of Bai (2009 Bai ( , 2013 , Li et al. (2011) , Kneip et al. (2012) , Ahn et al. (2013) , and Bai and Carrion-i-Silverstre (2013) . Second, we develop methods that allow us to interpret the effects as measures of technical efficiency in the spirit of the structural productivity approaches of Olley and Pakes (1996) and non-structural approaches from the stochastic frontier literature (Kumbhakar and Lovell 2000; Fried et al. 2008 ). Levinsohn and Petrin (2003) , Kim et al. (2016) , and Ackerberg et al. (2015) have provided rationales for various treatments for the endogeneity of inputs and the appropriate instruments or control functions to deal with the potential endogeneity of inputs and of technical change based on variants of the Olley-Pakes basic model set up. Although we do not explicitly address entry/exit in this paper, we do address dynamics, as well as the potential endogeneity of inputs and the correlation of technical efficiency with input choice (Amsler et al. 2016) . The general factor structure we utilize can pick up potential nonlinear selection effects that may be introduced when using a balanced panel of firms. Our dynamic heterogeneity estimators could be interpreted as general controls for any mis-specified factors, such as selectivity due to entry/exit, that are correlated with the regressors and could ultimately bias slope
where y it is the response variable, x it is a 1 × p vector of the explanatory variables, β is a p × 1 vector of the parameters, and γ it is a nonconstant and unknown individual effect. We make a standard assumption that the measurement error v it ∼ N ID(0, σ 2 ). The time-varying heterogeneity is assumed to be independent across units. This assumption is quite reasonable in many applications, particularly in production/cost stochastic frontier models where the effects are measuring technical efficiency levels. A firm's efficiency level primarily relies on its own factors such as its executives' managerial skills, the firm size, and the operational structure, etc., and should thus be heterogeneous across firms. These factors usually change over time, as does the firm's efficiency level. For the ith unit, the model is:
where Y i , X i , and γ i contain the stacked vectors of dimension T for cross-section i. When interpreting the effects as firm efficiencies, as is done in stochastic frontier analysis (Pitt and Lee 1981; Schmidt and Sickles 1984) , the estimation of time-varying technical efficiency levels is as important as that of the slope parameters.
A difference between our model and many other Bayesian approaches in the literature is that no functional form for the prior distribution of the unobserved heterogeneous individual effects is imposed. Instead of resorting to the classical nonparametric regression techniques (Kneip et al. 2012 ), a Markov chain Monte Carlo (MCMC) algorithm is implemented to estimate the model. We can consider this to be a generalization of Koop and Poirier (2004) in the case of panel data, including both individual-specific and time-varying effects. Moreover, our model does not rely on the restrictive conjugate prior formulation for the time varying individual-effects.
A Bayesian analysis of the panel data model set up above requires specification of the prior distributions over the parameters (γ, β, σ) and computation of the posterior using a Bayesian learning process: p(β, γ, σ|Y, X, ω) ∝ p(β, σ, γ) · l (Y, X; β, γ, σ) .
The prior for the individual effect γ i is not assumed to follow a normal distribution; instead, it is only assumed that the first-order or second-order difference of γ i follows a normal prior.
where Q = D D, and D is the (T − 1) × T matrix whose elements are D tt = 1, for t = 1, . . . ,T −1; D t−1,t = −1 for all t = 2, . . . ,T and zero otherwise. The information implied by this prior is that γ i,t − γ i,t−1 ∼ N 0, ω 2 , or Dγ i I ID ∼ N 0, ω 2 I T−1 . ω is the smoothness parameter that indexes the degree of smoothness. ω can be considered as a hyper-parameter, or it can be assumed to have its own prior, which is explained in the next section. Provided the continuity and first-order differentiability of γ i,t , this assumption says that the first derivative of the time-varying function γ i,t in (4) is a smooth function of time. One can assume second-order differentiability instead, which is implied by the
A non-informative distribution is assumed for the joint prior of the slope parameter β and the unknown variance term σ 2 .
This is equivalent to assuming that the prior distribution is uniform on (β, log σ).
With the assumptions of the priors above, the joint prior of the model parameters is:
The corresponding sample likelihood function is:
The likelihood is formed by the product of the nT independent disturbance terms, which follow the normal distribution for the idiosyncratic error, assumed to be NID (0, σ 2 ). Applying Bayes' theorem, the probability density function is updated utilizing the information from the data and to form the joint posterior distribution given by:
The model in (1) and (2) is identified provided we have a proper prior for the γ i s. To accomplish this, we use (4) with a proper prior for ω:
, where q is the sum of squares with n observations. The "non-informative" case is to let n, q → 0 . We use n = 1 and q = 10 −6 following standard practice (Geweke 1993) . The posterior is well-defined and integrable. Such issues have been dealt with by Koop and Poirier (2004) , whose spline method is equivalent to the difference prior we adopt. To proceed with further inference, we need to solve this analytically. However, the joint posterior distribution does not have a standard form and taking draws directly from it is problematic. Therefore, we utilize Gibbs sampling to perform Bayesian inference. The Gibbs sampler is commonly used in such situations because of the desirable result that iterative sampling from the conditional distributions will lead to a sequence of random variables converging to the joint distribution. A general discussion on the use of Gibbs sampling is provided by Gelfand and Smith (1990) , who compare the Gibbs sampler with alternative sampling-based algorithms. A more detailed discussion is given in Gelman et al. (2003) . Gibbs sampling is well-adapted to sampling the posterior distributions for our model since it is possible to derive the collection of distributions.
The Gibbs sampling algorithm we employ generates a sequence of random samples from the conditional posterior distributions of each block of parameters, in turn conditional on the current values of the other blocks of parameters, and it thus generates a sequence of samples that constitute a Markov Chain, where the stationary distribution of that Markov chain is the desired joint distribution of all the parameters.
In order to derive the conditional posterior distributions of β, γ, and σ, we first rewrite the joint posterior in (8) as:
The joint posterior can be rewritten as:
(10) From (10), the conditional distribution of β can be shown to follow the multivariate normal distribution with the meanβ and covariance matrix σ 2 (X X) −1 .
The conditional distribution of β, therefore, is given by:
In order to derive the conditional distribution of the individual effect γ i , we rewrite the joint posterior distribution as:
Under the assumption that the effects, the γ i s are independent across units, the conditional posterior distribution of γ i |β, σ, ω, γ j , j = i , Y, X is the same as that of γ i |β, σ, ω, Y, X, and is distributed as a multivariate normal.
where the meanγ i and covariance matrix V areγ i = ω 2 V(y i − X i β) and V = σ 2 Q + ω 2 I T −1 for i = 1, . . . , n. The detailed derivation is presented in Appendix A. The conditional posterior distribution for σ 2 is given below in (15). It is clear that the sum of the squared residuals (Y − Xβ − γ) (Y − Xβ − γ)/σ 2 has a conditional chi-squared distribution with nT degrees of freedom, as shown in (16):
If the smoothing parameter ω is also assumed to follow its own prior instead of being treated as a constant, then its conditional posterior distribution can also be derived. Suppose that
n , where n, q ≥ 0 are hyper-parameters that control the prior degree of smoothness that is imposed on the γ it s. Then, the conditional posterior distribution of ω 2 is derived as:
Generally, small values of the prior "sum of squares" q/n correspond to smaller values of ω and thus a higher degree of smoothness. Alternatively, we can choose the smoothing parameter ω using cross validation, which in a Bayesian context is similar to cross validation for tuning parameters in classical nonparametric regression. We choose the smoothing parameter ω so that the marginal likelihood (Perrakis et al. 2014 ) is maximized.
A Gibbs sampler is then used to draw observations from the conditional posteriors based on (11) through (17). Draws from these conditional posteriors will eventually converge to the joint posterior in (8). Since the conditional posterior distribution of β follows the multivariate normal distribution displayed in (12), it will be straightforward to sample from it. For the individual effects γ i , sampling is also straightforward since its conditional posterior follows a multivariate normal distribution with a mean vectorγ i and covariance matrix σ 2 ω 2 V, as expressed in (14) .
Finally, to draw samples from the conditional posterior distribution function for the unobserved variance of the measurement error σ term, we have two simple steps. First, we draw samples directly from (Y − Xβ − γ) (Y − Xβ − γ)/σ 2 , which is shown in (16) to follow a chi-squared distribution with the degree of freedom nT. Next, we assign the values of (Y − Xβ − γ) (Y − Xβ − γ)/(Chi − rnd) to σ 2 , where (Chi − rnd) is the random generated variable that follows a χ 2 nT in the first step.
Model 2: A Panel Data Model with Factors
We next consider a somewhat different specification for the panel data model, wherein the effects are treated as a linear combination of unknown basis functions or factors:
Here, φ t is a 1 × G vector of common factors, γ i is a G × 1 vector of individual-specific factor loadings, and α i represents the firm-specific and time invariant effects. For these effects, we retain the Schmidt and Sickles (1984) interpretation of the fixed effects as measures of unit specific time invariant productivity (inefficiency), but we embed it in a Bayesian framework using the Bayesian Fixed Effects Specification (BFES) of Koop et al. (1997) . Following their model specification, the BFES is characterized by marginal prior independence between the individual effects. Therefore, the effects are assumed not to be linked across firms, as would be the case for the spatial stochastic frontier considered by Glass et al. (2016) . As for measuring the inefficiency, the essence of the Schmidt and Sickles (1984) device in the Bayesian context is that, during the sth of the total S (MCMC) iterations or paths, inefficiency is constructed as the difference of the individual effect from the maximum effect across firms:
j . Thus, one counts the most efficient firm in the sample as 100% efficient. However, there is uncertainty as to which firm we should use for benchmarking and this is resolved by averaging:
i to account for both the parameter uncertainty, as well as the uncertainty regarding the best performing firm. The efficiency level of the most efficient firm in the sample approaches 1 when S → ∞. This method has much in common with the Cornwell et al. (1990) 
With this specification, we can allow for a firm-specific polynomial trend, where ω il represents the firm-specific coefficients. Of course other covariates can also be included in the time effects if so desired.
The model can be written for the ith unit as:
or for the tth time period as:
where
If we set φ 1t then γ it acts as an individual-specific intercept.
Effectively, the first column of Φ contains ones. The model for all observations can be written as
This model setting follows that in Kneip et al. (2012) , and it satisfies the following structural assumption, which is Assumption 1 from Kneip et al:
that the time-varying individual effect φ i (t) = φ t γ i holds with probability 1.
We define the priors similarly to Model 1. Regarding the slope parameter β and variance of the noise term σ, we continue to assume a non-informative prior: p(β, σ) ∝ σ −1 . For the common factors, it is reasonable to assume that:
This prior is consistent with the presence of common factors that evolve smoothly over time. The degree of smoothness is controlled by the parameter ω and by setting φ 0 = 0. Smoothness in this context then comes from the specification of the random walk prior above as essentially a spline.
For the loadings, we assume γ i I ID ∼ N G (γ, Σ). An alternative that we do not pursue but which may attenuate the proliferation of factors would be to stochastically constrain the loadings to approach zero 
for g = 1, . . . , G, where α, λ are parameters between zero and one. The posterior kernel distribution is:
where ζ denotes any hyper-parameters that are present in the prior of
where p(γ, Σ) denotes the prior on the hyper-parameters. A reasonable choice is the p(γ|Σ) ∝ constant
, which leads to:
. In order to proceed with Bayesian inference, we again use the Gibbs Sampling algorithm. For our model 2 specification, the implementation of Gibbs sampling is rather straightforward since we can analytically derive the conditional posteriors for the parameters in which we are interested. In what follows, we use the notation Y := Y − α ⊗ ι T . The conditional posteriors are:
) , e t = y t − X t β for each t = 1, . . . , T. Using a Gibbs sampler, we draw observations from the conditional posteriors from (25) to (29). Draws from the conditional posteriors will eventually converge to the joint posterior (24). The conditional posterior distribution of β follows the multivariate normal (25) and it is straightforward to sample from that distribution. To draw samples from the conditional posterior distribution function for the unobserved variance of the measurement error σ term, we first draw samples directly from the distribution of (Y − Xβ − γ) (Y − Xβ − γ)/σ 2 , which is shown in (26) to follow a chi-squared distribution with the degree of freedom nT, and then assign the values of
is the generated random variable that follows χ 2 nT in the first step.
For the mean parameter γ, sampling is also straightforward since its conditional posterior follows a multivariate normal distribution. The variance matrix Σ follows an inverted Wishart distribution. For the unknown common factors γ i and the corresponding factor loadings φ t we can draw directly from multivariate normal distribution following (28) and (29). Finally, the individual firm effects α i can be drawn using the procedure in Koop et al. (1997) . This involves standard computations as the Bayesian fixed effects are drawn for normal posterior conditional distributions. The difficult distributional issues involved in deriving the analytical finite sample distribution of the parameters and estimates of relative efficiency are resolved through the MCMC procedure used to generate u
a fact that has been mentioned by Koop et al. (1997) i can also be calculated. In our discussion of Model 2, we have treated the number of finite factors (G) as known. However, we can also utilize Bayesian techniques to develop inferences on G. Classical inferential approaches have been proposed by Bai and Ng (2007) , Onatski (2009) , and Kneip et al. (2012) . We consider models with at most L finite factors G = 1, 2, . . . ,L. Suppose p(θ, Γ G ) and L(θ, Γ G ; Y, G) denote the prior and likelihood, respectively, of a model with G factors, where θ is the vector of parameters common to all models (such as β and σ) and Γ G denotes a vector of parameters related to the factors and their loadings, ϕ and γ.
For models with different numbers of factors, say G and G', we can consider the Bayes factor in favor of the first model and against the second:
Computation of the marginal likelihood requires the computation of the integral in the numerator P (θ|Y, G) with respect to φ and γ. As this is not available analytically, we adopt the following approach.
We first specify:
where q(Γ G ) is a convenient importance sampling density. We factor the importance density as
, where q φ t and q γ i are univariate densities. The densities are chosen to be univariate Student's t-distributions with five degrees of freedom, with parameters matched to the posterior mean and standard deviation of MCMC draws for φ and γ, respectively. The integral is then calculated using standard importance sampling, which is quite robust. The standard deviations are multiplied by constants h φ and h γ , which are selected so that the importance weights are as close to uniform as possible. We use 100 random pairs in the interval 0.1 to 10 and select the values of h for which the Kolmogorov-Smirnov test is the lowest. We truncate the weights to their 99.5% confidence interval, but in very few instances was this found necessary as extreme values are rarely observed. There is evidence that changing the degrees of freedom of the Student's t provides some improvement, but we did not pursue this further as the final results for the Bayes factors were not found to differ significantly. Given marginal likelihoods M g (Y), g = 1, . . . , G, the posterior model probabilities can be estimated as 1 :
The posterior model probabilities summarize the evidence in favor of a model with a given number of factors.
Monte Carlo Simulations
In order to illustrate the model and examine the finite sample performance of the new Bayesian estimators with nonparametric individual effects (BE1) and with the factor model specification for the individual effects (BE2), we carry out a series of Monte Carlo experiments. The performance of the Bayesian estimator is compared with the parametric time-variant estimator of Battese and Coelli (1992) (BC), the estimators proposed by (Cornwell et al. 1990 )-within (CSSW) and random effects GLS (CSSG)-and the Kneip et al. (2012) estimator that utilizes a combination of nonparametric regression techniques (smoothing splines) and factor analysis (Bada and Liebl 2014) to model the time-varying unit specific effects. The BC estimates are based on the model (1) where the time-varying effects are given by γ it = −e −η(t−T) u i . The temporal pattern of firm-specific effects γ it depends on the sign of η. The time-invariant case corresponds to η = 0. The disturbances u i are i.i.d. and are assumed to follow a non-negative truncated normal distribution. Estimation of the BC model is carried out by parametric MLE. The CSSW and CSSG estimates are also based on model (1) and specify the time varying effects as γ it = θ i1 + θ i2 t + θ i3 t 2 . Derivations of the within, GLS, and efficient Hausman-Taylor type IV estimators can be found in Cornwell et al. (1990) . The KSS estimator requires a bit more discussion.
They assume that γ it is a linear combination of some basis functions γ it = L ∑ r=1 ζ ir g r (t). In the first step of their three step procedure, they obtain estimates of the slope parameters and nonparametric approximations to γ it by a least squares regression of Y on X and an approximation of the effects using smoothing splines. In the second step, they obtain the empirical covariance matrix of residuals and in the third step they determine the basis functions and corresponding coefficients. Details can be found in Kneip et al. (2012) . Point estimates and standard errors for BE1 and BE2 are posterior moments whose derivation we detailed in Sections 2 and 3. We averaged the point estimates and the standard deviations of the parameter estimates from all of the simulated paths.
We consider a panel data model with two regressors written as y it = β 1 x
We generate samples of size n = 50, 100, 200, with T = 20, 50. In each experiment, the regressors x (j) it (j = 1, 2) are randomly drawn from a standard multivariate normal distribution N(0,I p ) The i.i.d. disturbance term v it is drawn from a standardized N(0, 1). Time-varying individual effects are generated by four different DGPs, which specify the effects as following a unit specific quadratic function of a time trend (DGP1), random walk (DGP2) oscillating function given by a linear combination of sine and cosine functions (DGP3), and finally a simple additive mixture of the previous three data generating processes (DGP4). The parameterizations are:
Prior model probabilities are assumed to be equal so that the Bayes factor is equal to the posterior odds ratio. As pointed out by an anonymous referee, one could consider how prior model probabilities may favor a small g, and we find this issue an interesting question to study in future work. An exponential prior can be used, for example, with p(g) proportional to exp(-ag) for a = 1.
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Here θ ij (j = 0, 1, 2) and
Gibbs sampling was implemented using 55,000 iterations with a burn-in period of 5000 samples. We only consider every other 10th draw to mitigate the impact of autocorrelation from successive samples from the Markov chain. With regard to the selection of the number of factors, Gibbs samplers for all DGPs rely on an MCMC simulation from models with a G value ranging from one to eight. The true number of factors is 3, 2, 1, and 6 for the four respective DGPs.
The simulation results for all the DGPs are displayed in Tables 1-4 
Since we have not analyzed the role of correlated effects in these experiments, estimates of the slope parameters should be consistent for CSSW, CSSG, and KSS. Moreover, the BC model utilizes parametric MLE based on i.i.d. normally distributed random disturbances and thus should also yield consistent slope parameter estimates. Results from the four different specifications of the effects clearly demonstrate that point estimates of the slope coefficients for BC, CSSW, CSSG, and KSS are comparable across the various dgps, although variances will of course be smaller for estimators that do a better job of modeling the effects. The BC estimator does a poor job of estimating the effects since the specification we utilize assumes that the effects have the same temporal pattern for the different units. Generalizations of the BC estimator are available that allow the effects to be functions of selected regressors that may change over units, but we do not utilize these extensions in our experiments. Since DGP1 is consistent with the assumptions for the time-varying effects in the CSS model (we use the version of the CSS estimator utilized in the Cornwell et al. (1990) application wherein the unit specific effects were given by a second-order polynomial in the time trend), it is no surprise that the CSSW and CSSG estimators have the best performance compared with the other estimators for this dgp. However, it is also clear from the results of Table 1 that the Bayesian estimators are comparable to those of the CSSW, CSSG, and KSS estimators in terms of the estimates of individual effects. Moreover, for the sample sizes of n = 50, T = 50, and n = 100, T = 50, the Bayesian estimators provide more accurate estimates of individual effects than the KSS estimator. This implies that the performance of the Bayesian estimators is quite effective in estimating the time-varying effects of the smoothed-curve forms, like the second-order polynomials. It is not surprising that the mean squared errors of the Bayesian estimators are consistently much lower than those of the BC estimator for all sample sizes. DGP2 considers the case where the individual effects are generated by a random walk and the results for these experiments are shown in Table 2 . CSSW and CSSG are over-parameterized as they assume that the individual effects are quadratic functions of the time trend and have relatively poorer performances for this dgp. BE1 and BE2 are mostly data driven and impose no functional forms on the temporal pattern of the individual effects. For this relatively simple random walk specification, they outperform the other estimators that rely on functional form assumptions and also have a better estimation performance in terms of the MSE of individual effects than KSS. DGP3 characterizes significant time variations in the individual effects. As we can see from Table 3 , the BE1 and BE 2 estimators have a comparable performance to the KSS estimator and outperform it again for experiments with relatively large panels such as (n = 100 and 200). The other estimators, whose effects rely on parametric assumptions of simple functional forms, are largely dominated by the Bayesian estimators.
DGP4 is a mixture of the scenarios for the time varying effects used in DGP1-DGP4. Table 4 indicates that that BE1 and BE2 outperform the BC, CSSW, and CSSG estimators in terms of the MSE of the individual effects and are comparable to KSS.
As we have pointed out, for all the DGPs, the slope parameter estimates are comparable across the six different estimators. However, this is not the case for the individual effects. This is a drawback for the estimation of technical or efficiency change since such measures are usually based on an unobserved latent variable that is estimated using some function of the model residuals. For example, the individual effects correspond to the technical efficiencies in stochastic frontier analysis. Our new Bayesian estimators for the stochastic frontier would appear to be excellent candidates among competing estimators for modeling a production or cost frontier and it is to topic that we now turn to in our empirical model of banking efficiency.
Empirical Application: Efficiency Analysis of the U.S. Banking Industry

Empirical Models
In this section, the two Bayesian estimators we have introduced are used to estimate temporal changes in the efficiency levels of 40 of the top 50 banks in the U.S. ranked by their book value of assets. We consider only 40 of these banks due to missing observations and other data anomalies. The empirical model is borrowed from Inanoglu et al. (2015) , who use a suite of econometric specifications, including time-invariant panel data models, time-variant models, and quantile regression methods, to examine issues of "too big to fail" in the banking industry. In our illustration of the new Bayesian estimators, we will only compare the results across the different time-varying stochastic frontier panel estimators we discussed in the last section, along with modifications in the Bayesian estimators, to deal with potential issues of endogeneity. The estimators we utilize are based on different assumptions on the functional form of the time varying effects and provide various treatments for the unobserved heterogeneity, but they are all based on (1), which characterizes a single output with panel data assuming unobserved individual effects.
We will estimate a second order approximation in logs (the translog specification) to a multi-output/multi-input distance function (Caves et al. 1982) . The output-distance function D O (Y, X) is non-decreasing, homogeneous, and convex in multiple outputs Y and non-increasing and quasi-convex in multiple inputs X. The translog output distance function takes the following form:
Here y * ] then the model can be written as a simple re-parameterized version of (1):
To allow for the endogeneity of the regressors in z we use the model:
That is, we complete the model with a panel VAR reduced form for the potentially endogenous variables. The likelihood and the posterior distributions are straightforward to derive using the methods we discussed in Sections 2 and 3. Moreover, since the output distance function is bounded from above by 1, the logarithmic transformation used in specifying the estimating equation in (34) provides a natural justification for the bounded support of the unobserved technical efficiency term specified in the stochastic frontier literature for the unit specific time varying effects
The elasticities of the distance function with respect to the input and output variables are:
The individual effects are transformed into relative efficiency levels using the standard order statistics device in Schmidt and Sickles (1984) :
For the BC estimator, technical efficiency levels can differ, but parsimony is achieved by assuming that all firms have the same temporal pattern.
Clearly, the levels of efficiency can vary substantially for the methods that use the order statistics (the firm with the largest effect) to benchmark the most efficient firm and thus the relative efficiencies of the remaining firms. Typically, this impact is mitigated by data trimming, but with only 40 firms in our study, we decided to avoid doing so when presenting the results below. The BC estimator has no such potential drawback.
Data
The dataset analyzed is a balanced panel of 40 out of the top 50 U.S. commercial banks based on the yearly data of their Book Value of Assets from 1990 through 2009. The panel size is thus 40 by 20. Missing observations and data anomalies reduced the sample from 50 to 40 firms. The data is merged on a pro-forma basis wherein the non-surviving bank's data is represented as part of the surviving bank going back in time. The three output and six input variables used to estimate the translog output distance function are: Real Estate Loans ("REL"), Commercial and Industrial Loans ("CIL"), Consumer Loans ("CL"), Premises & Fixed Assets ("PFA") , Number of Employees ("NOE"), Purchased Funds ("PF"), Savings Accounts ("SA"), Certificates of Deposit ("CD"), and Demand Deposits ("DD"). Additionally, three types of risk proxies are considered: Credit Risk ("CR"), which is approximated by the Gross Charge-off Ratio; Liquidity Risk ("LR"), which is proxied by the Liquidity Ratio; and Market Risk ("MR"), which is proxied by the standard deviation of Trading Returns.
Empirical Results
The input and output elasticities evaluated at the geometric mean of the sample are displayed in Table 5 . 2 For the BE2 estimates, the BF for two factors versus one factor is 35.12, while the BF for three versus one factor is 2.23 and the BF for four versus one factor is 1.10. For the KSS estimates, we use the procedure outlined in Kneip et al. (2012, pp. 607-8) with α = 0.05. The KSS procedure estimates two factors. Thus, we have two factors in our empirical illustration for BE2, and KSS. BE1* and BE2* are the Bayesian estimators corrected for endogeneity of the terms that are interacted with the endogenous multiple outputs. From Table 5 , we can see that magnitudes and signs of the elasticity estimates across different models are comparable, except for the Demand Deposit, where CSSW gives a significantly lower estimate than all of the other estimators. All of the estimators suggest decreasing returns to scale except BC. However, the returns-to-scale estimate suggested by BC is 1.0165, which is not significantly different from 1. Alternatively, we can say that there is no evidence of increasing returns to scales based on the estimation results. The largest US banks appear to have fully exploited their scale economies in generating intermediation services. Variations in the temporal pattern of the individual effects are displayed in Figure 1 . The BC estimator provides higher efficiency estimates, but also efficiencies that decline through the sample period, while all the other estimators find efficiencies of similar magnitudes that increase slightly and then decline, anticipating the meltdowns of financial institutions beginning around 2007 that led to the Great Recession.
As we can see from the last row in Table 5 and in Figure 1 , the scale of the average technical efficiency levels ranges from around 0.63 to 0.73. Turning our attention to the estimated temporal pattern of the technical efficiencies using the Bayesian estimators, we notice that the BE1 and BE2 models display similar trends, but the efficiency levels suggested by BE2 are consistently higher than those by BE1. The same pattern exists for the estimators BE1* and BE2*. The efficiencies are higher when endogeneity is considered in the model. The Bayesian estimators all display an initial slowly increasing pattern in the 1990s, and a decreasing one in the 2000s. The increasing trend in efficiency levels at the beginning of 1990s is probably because of the increased competitive pressure in the financial industry due to the deregulations introduced in the 1980s. The decreasing trend in efficiency levels started before the Great Recession, perhaps because the financial institutions were taking on riskier activities and became less focused on their traditional roles as financial intermediaries when the global pool of fixed-income securities substantially increased.
2
The estimation results for all first-order and second-order terms are displayed in Table A1 in Appendix A. Since our dataset is geometric mean corrected (each of the data points have been divided by their geometric sample mean), the second-order term in the elasticities expressed in (37) and (38) will diminish to zero when evaluated at the geometric mean of the sample. levels at the beginning of 1990s is probably because of the increased competitive pressure in the financial industry due to the deregulations introduced in the 1980s. The decreasing trend in efficiency levels started before the Great Recession, perhaps because the financial institutions were taking on riskier activities and became less focused on their traditional roles as financial intermediaries when the global pool of fixed-income securities substantially increased. Table 6 , along with the corresponding Bayes Factors (BF). The level of the Bayes Factor is higher in recent years than it is in early years and is clearly in favor of endogeneity as all Bayes factors exceed 3.5. In order to evaluate the significance of endogeneity in the model, we have calculated the Bayes Factors (BF) in favor of the model with endogeneity. These results are in Table 6 , along with the corresponding Bayes Factors (BF). The level of the Bayes Factor is higher in recent years than it is in early years and is clearly in favor of endogeneity as all Bayes factors exceed 3.5. 
Conclusions
This paper has proposed a Bayesian approach to treat time-varying heterogeneity in a panel data stochastic frontier model setting. We introduce two new models: one with nonparametric time effects and one with effects that are driven by a number of unknown common factors. In both of the models, we do not impose parametric assumptions on the individual effects other than smoothness and we utilize the Gibbs sampler to implement our Bayesian inferences. The Monte Carlo experiments indicate that the new Bayesian estimators tend to outperform the non-Bayesian alternatives we consider, including the BC, CSS, and the KSS models, under various data generating processes. The new
Bayesian estimators are used to analyze the temporal pattern of the technical efficiencies of the largest 40 U.S. banks from 1990 to 2009. The results indicate that the largest banks experienced a decrease in the efficiency with which they provided intermediation services around the time of the Great Recession.
A.2. Derivations of the Posterior Distribution of the Smoothing Parameter ω
If the smoothing parameter is assumed to follow its prior distribution:
q ω 2 ∼ χ 2 n , or equivalently:
The joint prior will take the form below:
Therefore, the conditional posterior distribution of ω can be derived through the following:
Therefore, the transformation of the smoothing parameter
follows χ 2 n . 
